Until the 1990s, the only practical technique to align liquid crystals ͑LCs͒ was to establish a fixed anchoring direction before the LC cell was assembled; for example, by depositing SiO x or by buffing a polymer layer. Once assembled, the cells preserved the anchoring characteristics. The situation has been changed by the discovery of photoalignment techniques that allow one to align and realign the director n on the substrate of a filled cell ͓1,2͔. This progress calls for a new model of anchoring, capable of predicting the cumulative effect of subsequent alignment treatments, such as the appearance of a macroscopic alignment on an amorphous or polycrystalline substrate after polarized light irradiation.
The traditional description of LC anchoring operates with the axis of easy director orientation ê and the anchoring energy W that characterizes the work required to deviate n from the easy axis. Deviations from the easy axis in the polar and azimuthal planes are characterized by two scalar coefficients W p and W a , respectively. This model is not well suited to describe the processes of alignment and realignment, when all the relevant quantities such as the easy axis, W p and W a change.
In this Rapid Communication we propose a tensor phenomenological description of surface anchoring in LCs by presenting the surface energy per unit area as
where W ␣␤ (r) is the traceless symmetrical local anchoring tensor. The tensor approach allows us to consider both the homogeneous and inhomogeneous parts of anchoring and offers a natural way of handling the problems listed above. We illustrate the proposed approach experimentally.
Tensor approach
To derive Eq. ͑1͒, we refer to the model of a polymer alignment layer, with the Maier-Saupe pair interaction between LC molecules and polymer fragments. Under the assumption that the polymer alignment does not disturb the surface scalar order parameter S b , f s reads
where ͚ j is a sum over polymer fragments inside the small area , P 2 denotes the second order Legendre polynomial, m i ͑or l j ) defines orientation of the long axis of the ith LC molecule ͑or the jth polymer fragment͒ positioned at r i ͑or r j ), and w(r i Ϫr j ) is the potential of the anisotropic interaction between the LC molecule and the polymer fragment. f is is the surface energy density on the surface with isotropically distributed polymer fragments, which is an even function of the product of n and the unit surface normal k ͓3͔. Far from the anchoring transition f is ϷB 0 ϩB 1 (n •k ) 2 (B 0 and B 1 are constants͒ and averaging over orientations of LC molecules one obtains Eq. ͑1͒. For a short-range potential w(r i Ϫr j ), W ␣␤ (r) is represented as 
where n j are the director components in this frame. The second and the third terms in Eq. ͑4͒ are non-negative, so that the axis ê 1 , which corresponds to the maximum eigenvalue W 1 , is exactly the easy axis, while the quantities (W 1
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PHYSICAL REVIEW E AUGUST 2000 VOLUME 62, NUMBER 2 PRE 62 1063-651X/2000/62͑2͒/1477͑4͒/$15.00 R1477 ©2000 The American Physical Society ϪW 2 ) and (W 1 ϪW 3 ) determine the traditional azimuthal and polar anchoring coefficients. A comparison of Eq. ͑1͒ and Eq. ͑4͒ shows the difference between the tensor and the traditional approaches. The traditional description is equivalent to the tensor one in the eigenframe ͕ê j ͖. This frame rotates from point to point and during a treatment, making the description cumbersome. The tensor description has the covariant form and thus describes random anchoring and consecutive treatments in any reference frame.
One has to distinguish the local W ␣␤ (r) and its macroscopic average over the whole surface ͗W ␣␤ (r)͘ r . An untreated inhomogeneous substrate has macroscopic azimuthal symmetry, therefore, the average polymer tensor order parameter ͗L ␣␤ in (r)͘ r should be diagonal in the 0xyz frame (0zʈk ) 
, caused by the kth uniform treatment, does not depend on these variations and is also uniform:
Thus, the ''weak'' treatments, which affect only a small fraction of the polymer fragments, lead to the final anchoring tensor W that is simply a sum of the random initial anchoring W in and the contributions W (k) of different treatments:
where W (k) is diagonal in the frame which corresponds to the induced easy axis ê (k) . The effect of ''strong'' treatments, which reorient a substantial fraction of the polymer fragments, can also be expressed with Eq. ͑5͒, but in this case W (k) are nonlinear functions of the irradiation times k and the sequence of the different treatments is crucial.
It should be noted that Eq. ͑5͒ is not suitable to describe photoalignment on dynamically equilibrium substrates ͑such as Langmuir-Blodgett films͒. In this case photoinduced reorientation of entire domains was observed and was described by the macroscopic model ͓4͔.
Complex representation for planar anchoring
Substantial simplification can be achieved for the tangential ͑in-plane͒ alignment that corresponds to W yz ϭW xz ϭ0. It is useful to specify the director on a complex plane: ñ ϭn x ϩin y ϭcos e i , where is a polar angle and is the azimuthal angle. The surface energy ͑1͒ takes the form increase of W a (2) leads to a continuous rotation of the easy axis ê from 1 to either 2 or to 2 ϩ, whichever is closer to 1 ͓dashed curve, Fig. 1͑a͔͒ . When the two are perpendicular, 2 ϭ 1 ϩ/2, the dashed curve collapses into the right angle and there is no continuous reorientation. In this case, when the treatment is weak, W a (2) ϽW a (1) , the resulting easy axis does not move, but the anchoring strength decreases, W a →0. When W a (2) ϾW a (1) , the easy axis abruptly realigns from 1 to 2 ϭ 1 ϩ/2. Both the smooth rotation ͓5͔ and the threshold realignment ͓6͔ have already been observed.
In a similar way, Eq. ͑7͒ describes changes when an inhomogeneous substrate is subjected to a uniform alignment treatment W a (1) ͓Fig. 1͑b͔͒. This treatment ''hides'' the random anchoring rather than destroys it; the resulting W a (r) is the vector sum of W a (1) and the local W a in (r). This feature predicts an interesting and counterintuitive effect: the original random anchoring modified by the unidirectional treat-
(1) can be restored by a subsequent treatment of the same amplitude W a (2) ϭW a (1) but of the orthogonal direction 2 ϭ 1 ϩ/2, i.e., W a (2) ϭϪW a (1) . The validity of the tensor and complex description and in particular, the compensating effect of two treatments, W a (2) ϭϪW a (1) , is demonstrated experimentally below.
Experiment
We studied the nematic LC 4,4'-n-pentylcyanobiphenyl ͑5CB, Merck͒ and the photoaligning polymer para-fluorocinnamoyl cellulose ͑FCCN͒. 5CB is placed between the reference and the FCCN substrates. The nonirradiated surface of FCCN aligns 5CB tangentially. The reference substrate is a rubbed polyimide layer that produces strong planar anchoring along the rubbing direction ê rub . The cell thickness was chosen to be large, Lϭ55 m, to reduce the elastic torque ϳK 22 /L caused by the fact that ê rub is generally not parallel to the local easy axis of FCCN substrate. Here K 22 is the twist elastic constant.
Inhomogeneous anchoring at the nontreated FCCN substrate
The cell was filled with 5CB in the isotropic state (100°C). The FCCN substrate was put in contact with a cooled surface to create a temperature gradient across the cell. The nematic phase nucleated at the FCCN surface first, and then propagated towards the reference plate. In this way, alignment of LC at FCCN was determined mainly by the anchoring properties of the FCCN surface. The alignment is inhomogeneous with characteristic size of domains d ϳ100 m; see Fig. 2͑a͒ . The reference rubbed surface faced the polarizer of the microscope, with ê rub being parallel to the polarizer. The polarization of the transmitted light is determined by the local director orientation on the FCCN substrate ͑''Mauguin regime''͒. The total intensity of the transmitted light did not depend on the orientation of the analyzer within an error of 10%; see Fig. 3 . Thus, the local azimuthal anchoring W a FCCN at the FCCN surface is random and strong enough to withstand the orienting action of the Ќê rub . Curves B and C result from the second irradiation with ê uv (2) ʈê rub that follows the first irradiation of duration 1 ϭ15 s and 1 ϭ60 s, respectively. 
Alignment by polarized light
The cell described above was exposed to polarized uv light ͑Hg lamp, intensity 5 mW/cm 2 ) that is absorbed effectively by FCCN. The induced alignment direction ê uv is perpendicular to the polarization of the incident light, E uv . Irradiation reorients n towards ê uv and produces macroscopic optical anisotropy of the cell; see Fig. 3 . To quantify the anisotropy we use the parameter ϭ(I ͉͉ ϪI Ќ )/(I ͉͉ ϩI Ќ ),
where I ͉͉ and I Ќ are the intensities of transmitted light measured with analyzer parallel and perpendicular to ê uv , respectively. The dependence of on the exposure time ͑Fig. 4, curve A) corresponds to the scenario depicted in Fig.  1͑b͒ and reveals the nonlinear effect with saturation.
Compensating effect of two orthogonal irradiations
To demonstrate the recovery of the initial inhomogeneous anchoring, the cell with nontreated substrate ͓Fig. 2͑a͔͒ was subjected to two subsequent uv orthogonal treatments. The first treatment with ê uv ͑Fig. 4, curve B) exhibits the mirror behavior in comparison with curve A with respect to the value of between the irradiations. The texture obtained after 2 ϭ45 s when returns to its initial value (ϭ0), Fig. 2͑c͒ , is essentially identical to the initial texture, Fig. 2͑a͒, i. e., the second exposure recovers the initial pattern n (r) in details. If 1 Ͼ15 s the recovery of (ϭ0) is not achievable, although () clearly preserves the mirror behavior ͑Fig. 4, curve C). The recovery of the initial texture in the saturation range for the second treatment confirms the validity of Eqs. ͑5͒ and ͑7͒, even for strong treatments.
Note in conclusion that the proposed tensor description is also a powerful tool to study the statistical properties of surface anchoring ͑e.g., the correlation length for easy axis, the average domain size, etc.͒ using the correlator G ␣␤,␥ (rЈ) ϭ͗W ␣␤ (r)W ␥ (rϩrЈ)͘ r .
